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Theoretical and experimental investigation of acoustic streaming in a porous material
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An experimental and theoretical investigation of the influence of high-frequency acoustic waves on the flow
of a liquid through a porous material has been made. Particular attention was paid to the phenomenon of
acoustic streaming of the liquid in the porous material due to the damping of the acoustic waves. The experi-
ments were performed on Berea sandstone cores. Two acoustic horns were used with frequencies of 20 and 40
kHz, and with maximum power output of 2 and 0.7 kW, respectively. A high external pressure was applied in
order to avoid cavitation. A microphone was used to measure the damping of the waves in the porous material
and also temperature and pressure measurements in the flowing liquid inside the cores were carried out. To
model the acoustic streaming effect Darcy’s law was extended with a source term representing the momentum
transfer from the acoustic waves to the liquid. The model predictions for the pressure distribution inside the
core under acoustic streaming conditions are in reasonable agreement with the experimental data.
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I. INTRODUCTION

In earlier publications~see Refs.@1# and@2#! we reported
about an experimental and theoretical investigation of
influence of high-frequency acoustic waves on the flow o
liquid through a porous material. The experiments were p
formed on Berea sandstone cores. The reason for this typ
sandstone is that next to a fundamental study we are
interested in an application of high-frequency acoustic wa
to clean the near well bore region of an oil reservoir, a
Berea sandstones are representative of the type of po
material in an oil reservoir. Two acoustic horns were us
with frequencies of 20 and 40 kHz, and with maximu
power output of 2 and 0.7 kW, respectively. A high extern
pressure was applied in order to avoid cavitation. The aco
tic waves were found to produce a significant effect on
pressure gradient at constant liquid flow rate through the c
samples: during the application of acoustic waves the p
sure gradient inside the core decreased. This effect turned
to be due to the decrease of the liquid viscosity caused b
increase in liquid temperature as a result of the acoustic
ergy dissipation inside the porous material. Also a theoret
model was developed to calculate the dissipation effect
the viscosity and on the pressure gradient. The model pre
tions were in reasonable agreement with the experime
data.

In this paper, we will report about another effect of hig
frequency acoustic waves on the flow of a liquid through
porous material; viz. the streaming effect due to the damp
of the acoustic waves. A traveling acoustic wave in a liqu
induces a net steady flow in the direction of its propagati
This effect can only occur when the wave is being atte
ated. The phenomenon is called acoustic streaming an
described in detail in the book by Lighthill~see Ref.@3#!.
From a physical point of view acoustic streaming is due t
transfer of momentum from the traveling acoustic wave
1063-651X/2002/66~1!/016309~9!/$20.00 66 0163
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the liquid. A planar, traveling wave with intensityI has mo-
mentum

M5
I

c2 , ~1!

wherec is the velocity of sound in the medium in which th
wave propagates. There is a relation between energy
momentum. While energy is dissipated into heat in the l
uid, momentum is passed on to the liquid. This generate
net steady flow away from the sound source. So even with
a pressure drop over a core of porous material before
acoustic source is switched on, the liquid inside the core w
start flowing after the source is switched on due to this m
mentum transfer. As the damping of high-frequency acou
waves in a liquid inside a porous material is strong, als
strong and measurable acoustic streaming effect may be
pected in such a material. To investigate this effect we h
carried out streaming experiments in the experimental se
mentioned above. During these experiments there was
pressure drop over the core before the acoustic horn
switched on. After the horn was put into action, the liqu
started to flow. Because of the liquid flow and the mome
tum transfer from the acoustic wave a pressure profile de
oped inside the core as a function of time. This press
profile development was measured. Also a theoretical mo
was developed to predict the streaming effect on the de
opment of the pressure distribution inside the core. In t
publication we report about this experimental and theoret
investigation.

II. DESCRIPTION OF THE EXPERIMENTS

The experiments were carried out in the setup shown
Fig. 1. The cores that were used for the experiments w
cylindrically shaped Berea sandstone samples. The lengt
©2002 The American Physical Society09-1
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the cores was 20 cm and the diameter 7.62 cm. The poro
was about 0.25. The initial permeability was 100–3
mdarcy for all samples. During an experiment a core w
placed in a rubber sleeve to keep it fixed during the exp
ment. It was then placed in a steel vessel in which down-h
reservoir conditions were simulated~up to 150 bars and
100 °C!. An acoustic horn was placed at one end of the c
~see Fig. 1!. The high pressure in the vessel made it poss
to avoid cavitation~for pressures lower than 100 bars t
influence of cavitation becomes noticeable!. The space be-
tween the vessel and sleeve, which was filled with water,
pressurized to 180 bars to make the rubber sleeve compl
seal off.

There were four pressure measurements, two along
core~at 2.54 and 10.70 cm! and two at both ends of the cor
~see Fig. 1!. dP1 is the pressure drop over the first part of t
core sample,dP2 is the pressure drop over the middle pa
anddPc is the total pressure drop over the core. The press
drop over the third partdP3 can be calculated in the follow
ing way:dP35dPc2(dP11dP2). To measure the tempera
ture at two locations in the core~T1 andT2! we installed two
thermocouples at the sidewall of the porous medium, thro
the rubber sleeve~see Fig. 1!. Also the temperature in fron
and at the back (Tb) of the core could be measured. The da
were sent to a digital data recorder and processed on a c
puter.

The ultrasonic equipment consisted of~1! a converter,
which converts electricity into mechanical vibrations of
piezoelectric element;~2! an amplifier, which is used to se
the amplitude of the vibrations; and~3! an ultrasonic horn,
which concentrates the mechanical vibrations onto the fr
side of the core sample. Two acoustic horns were applie
Branson Module PGA 220~a 20 kHz horn with maximum
power output of 2 kW! and a Branson Module PGA 470~a
40 kHz horn with maximum power output of 0.7 kW!. The
power output could be selected as a percentage of the m
mum.

A microphone was placed at the end side of the core
was used to measure the amplitude of the acoustic si
after passage through the core. In this way the damping
the signal was determined during the experiments.

A new core was used for each new series of experime
Before performing experiments, the following steps we
taken.

FIG. 1. Experimental setup.
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~1! The core was flushed with CO2 to expel all the air in
the porous material. The gas flow was kept on for seve
minutes.

~2! After the gas flow was stopped, a constant flow rate
brine was started. The high pressure ensured that all the2
dissolved into the brine. Brine instead of water was used
order to avoid the generation of fine clay particles inside
core sample by the swelling of clay~for more details see
Khilar and Fogler@4#!.

~3! The flow rate was increased up to the maximum va
that the pump could deliver to detach and remove poss
fines that were present in the core sample.

During a streaming experiment we set the initial tempe
ture in the cell, the pore pressure (ppore), and the confining
pressure (pconf). The two ends of the core were connect
via a pipe~see Fig. 1!, so no external pressure drop over t
core was applied. This means that the pressure distribu
inside the core was uniform before the acoustic horn w
switched on. After the acoustic horn was switched on
measured the pressure profile inside the core as a functio
time by measuring the pressure development at the front
back side of the core and at the two points inside the co
The development of this pressure profile is due to the aco
tic streaming phenomenon: the transfer of momentum fr
the acoustic wave to the liquid. Also the temperatures at
two points inside the core~T1 andT2! and at the back (Tb)
were measured as functions of time. The temperature cha
is due to the dissipation of the acoustic wave. Some typ
results that we got during these experiments are given in
2 ~where the pressure drop evolution over the three part
the core is shown! and in Fig. 3 ~where the temperature
evolution of T1 , T2 , and Tb is shown!. Calculations show
that the temperature profile in a cross section of the cor
almost uniform. In Fig. 2 two discontinuities are present
the pressure drop profile: one at 25 sec which correspond
the switching on of the horn, the second at 230 sec wh
corresponds to the switching off. Further discussion of
results will be given in the section on experimental resu
During the experiments the temperature at the back sid
the core sample remained nearly constant~see Fig. 3!. The

FIG. 2. An example of the three pressure drops evolution dur
the sonification time.
9-2
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reason is that the fast wave has almost completely dissip
its energy inside the core before it reaches the end of the
sample.

III. THEORETICAL MODEL

The influence of the acoustic wave on the liquid flow
modeled via a source term in the momentum equation an
the energy equation. The source term in the momen
equation represents the transfer of momentum from the w
to the liquid, and the source term in the energy equat
represents the dissipation of acoustic energy into heat.
flow is assumed to be incompressible. Moreover, the dis
bution of the pressure and velocity in a cross section of
core is assumed to be uniform. So the model equations
one dimensional withx as the axial coordinate.

The continuity equation can then be written as

]v
]x

50, ~2!

wherev is the superficial velocity of the liquid.
For the momentum equation we use the Darcy equa

extended with a time-dependent term and with a source t
representing the momentum transfer. For the source term
assume, only a fraction~equal to the porosity! of the acoustic
momentum is given to the liquid. The remaining part goes
the solid. In this way, the momentum equation is given b

r f

f

]v
]t

52
]p

]x
2

m~T!

K
v1Smom, ~3!

in which r f is the fluid density,p is the pressure,f is the
porosity, andK is the permeability.m(T) is the viscosity,
which is dependent on temperatureT. This temperature de
pendence has been taken from the book by Zaytsevan
Aseyev@5#. Smom is the rate of momentum transfer from th
acoustic waves to the liquid. It can be written as

FIG. 3. An example of the temperature evolution during t
sonification time.
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Smom5cfast

]

]x
~M fast!1cslow

]

]x
~M slow!, ~4!

where M fast and M slow are the momentum of the fast an
slow wave, respectively.cfast and cslow are the velocities of
the fast and slow wave. For the sake of completeness, m
details on sound wave propagation through porous media
be found in Appendix A, where we present a brief review
the Biot’s theory~see also the original paper by Biot@6# for
more details!.

The momenta of the fast wave and slow waveM fast and
M slow ~and therefore alsoSmom! are functions of the axia
distancex due to the dissipation of the acoustic wave. For t
calculation ofM fast and M slow we used Eq.~1!. This means
that the acoustic intensityI as function ofx has to be known.
Due to the damping of the waveI can be written as

I 5I fast,0e
22a fastx1I slow,0e

22aslowx, ~5!

whereI fast,0 and I slow,0 are the initial values~at the front end
of the core! of the intensities of the fast wave and slow wav
which are transmitted in the porous material as a result of
incident acoustic wave at the front end of the core caused
the acoustic horn. There is no transmitted shear wave as
incident acoustic wave is perpendicular to the porous m
rial surface at the front end. The intensity of the incide
acoustic wave has been measured. To calculate the in
values of the intensity of the fast and the slow waves fr
the incident wave we used a calculation procedure propo
by Wu Xue, and Adler@7#. In Appendix B this calculation
procedure is explained. As is well known, there is a stro
damping of the transmitted fast wave and a very stro
damping of the transmitted slow wave. These damping co
ficients are given bya fast andaslow. ~a fast is also dependen
on the temperatureT.! The determination of the dampin
coefficients will be discussed later.

For the determination ofm(T) and a fast(T) we need the
temperature distribution inside the core. To that purpose
solve the temperature equation

~fr fcf1~12f!rpcp!
]T

]t
1r fcfv

]T

]x
5l

]2T

]x2 1Stherm,

~6!

in which cf is the specific heat for the liquid,cp is the spe-
cific heat for the solid,rp is the solid density,l is the ther-
mal conductivity of saturated rock, andStherm is the source
term due to the acoustic energy dissipation. For the ther
conductivity of saturated sandstone we used the results
lished by Khan and Fatt@8#. They measured the therma
conductivity for a temperature up to 80 °C and a pressure
to 125 bars. We took the heat conductivity into account,
we expected that at low velocities the heat transfer due
conduction can be important. In Eq.~6!, we did not include a
term representing the heat transfer from the core sample
9-3
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POESIO, OOMS, SCHRAVEN, AND van der BAS PHYSICAL REVIEW E66, 016309 ~2002!
the sidewall and the rubber sleeve to the water in the
rounding vessel. However, the heat conductivity of the r
ber sleeve is very small and the heat loss to the wate
~according to our calculation! therefore negligible compare
to the convective heat transfer. The source term can be w
ten as

Stherm5
]

]x
@ I 0

fast~12e2a fast~T!x!1I 0
slow~12e22aslowx!#.

~7!

The following boundary conditions are applied.
~1! The flow resistance of the connecting pipe between

front side and the back side of the core is very low a
therefore, the pressures at the two sides were chosen t
equal.

~2! The temperature at the front and at back side
known functions of time: these temperatures were meas
with the thermocouples placed in front and at the back of
core.

A finite difference code was written to solve the equatio
discussed in this section.

IV. MEASUREMENT OF DAMPING COEFFICIENT

As mentioned, the incident acoustic wave is split in t
porous material into a slow wave and a fast wave. The da
ing of the slow wave is very strong and is known accord
to Biot’s theory. In Appendix A a brief review of Biot’s
theory and the calculation of damping coefficient are giv
However, the damping of the fast wave is much more di
cult to predict. Biot’s theory@6# predicts a damping coeffi
cient for the fast wave which is too low for many materia
To the best of our knowledge, no models are available
can reliably predict the damping coefficient for the fast wa
This is the reason why we decided to determine this damp
coefficient for our cores experimentally. In order to meas
the attenuation we used cores of different lengths and m

FIG. 4. Output signal as a function of core length. Symbols re
to the percentage of the power input. The Berea sandstone co
saturated with 2% KCl brine. Frequency 40 kHz, permeability 1
mdarcy,T520 °C, ppore5120 bars, andpconf5185 bars.
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sured the damping as a function of the core length with
aid of the microphone. Each set of points could be inter
lated by means of an exponential curve. In this way,
damping coefficient was determined. Six different pow
outputs of the acoustic horn were used. For each power
put, we measured as mentioned the damping coefficien
cores of three different lengths, viz. 5, 11, and 16 cm. As
microphone was fixed at a distance of 20 cm in the exp
mental setup, we extended, for each core length, the c
with an additional part made of a plastic material~Peek! in
such a way that the total core was always 20 cm. The aco
tic damping in the Peek is negligible. We measured
acoustic intensity at the end of the total core length. T
results are presented in Fig. 4, where we have plotted,
logarithmic scale, the ratio between the intensity of the
tenuated wave and the input intensity as function of the
sition inside the core. For cores with a length of 16 cm t
damping of the acoustic wave is almost complete at the b
side of the core. So the intensity of the wave reflected at
back is very small and can be therefore neglected. Accord
to our measurements this is still true for shorter core sam
with a length of 11 cm. However, for the shortest co
samples with a length of 5 cm the damping of the acou
wave is not complete and therefore the intensity of the
flected wave is significant. We have not compensated for
effect by including the reflection of the wave at the ba
side. In our opinion this is the cause for the~rather small!
scatter of our measured points ax55 cm in Fig. 4. As can be
seen from Fig. 4 this scatter is no longer present atx511 and
at x516 cm, as explained above.

The damping coefficient depends, for instance, on the
cosity of the liquid. As the viscosity is temperature depe
dent, also the damping coefficient is dependent on the t
perature. Therefore the measurement of the damp
coefficient was carried out at different temperatures. In Fig
we show the result. The damping coefficient decrea
quickly with increasing temperature.

r
is

0

FIG. 5. Damping coefficient as function of temperature. T
Berea sandstone core is saturated with 2% KCl brine. Frequenc
kHz, permeability 140 mdarcy,ppore5120 bars, and pconf

5185 bars.
9-4
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V. COMPARISON BETWEEN EXPERIMENTAL DATA
AND THEORETICAL PREDICTIONS

Two series of experiments have been carried out: one
ing the 20 kHz horn and one using 40 kHz horn. The res
are summarized below.

A. Experiments with 40 kHz horn

It turned out that the 40 kHz horn had a too low pow
output ~max. 0.7 kW! to cause measurable changes in
pressure distribution inside the core. However, there wa
measurable influence on the temperature distribution. A ty
cal result is shown in Fig. 6. As can be seen the agreem
between experimental data and model predictions is rea
ably good.

B. Experiments with 20 kHz horn

The power output~max. 2 kW! of the 20 kHz horn is
sufficiently large to cause a measurable effect on the pres
distribution inside the core due to acoustic streaming.
example of the comparison between model predictions
experimental data is given in Figs. 7–13. As can be seen
agreement is certainly not perfect. However, the order
magnitude of the pressure distribution inside the core du
streaming and also its development as function of time
very reasonable. From a comparison of the results show
Figs. 7–13, the strong relation between the intensity of
sound wave and the induced pressure and tempera
changes can be seen. For the cases of minimum and m
mum power output we also show in Figs. 7~a! and 13~a! the
measured and calculated temperature distribution inside
core. As can be seen, the agreement is rather good.

At the front part of the core there is a strong press
buildup. This is due to the momentum transfer from t

FIG. 6. Temperature evolution according to theory and exp
mental data forT1 and T2 . The Berea sandstone core is satura
with 2% KCl brine. Frequency 40 kHz, permeability 140 mdar
ppore5120 bars,pconf5185 bars, and power input 184 W.
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acoustic wave to the liquid. According to Eq.~3! this mo-
mentum transfer is used for the pressure buildup, but also
overcoming the viscous friction of the liquid flow and for th
~negligible! inertia increase of the flowing liquid. The exper
ments show a pressure increase at the end side of the
This is necessary for overcoming the viscous friction of t
liquid flow in the connecting pipe between the end side a
the front side of the core. This effect is not incorporated
the model, as we assumed the friction of the connecting p
to be negligible. It is important to realize that at places w
strong damping of the acoustic wave~the front part of the
core! there is a large momentum transfer from the acou
wave to the fluid. This causes a very significant initial pre
sure increase at the front end of the core~see Figs. 7–13!.
The relative decrease in pressure at the front end at l
times is caused by the temperature increase with time, wh
strongly influences the viscosity and the damping coefficie
These effects are well captured by our theoretical mod

i-
d
,

FIG. 7. Pressure and temperature profiles inside the core
functions of position plotted at three different times. Both expe
mental data and theoretical results are shown. The Berea sand
core is saturated with 2% KCl brine. Frequency 20 kHz, permea
ity 270 mdarcy,ppore5120 bars,pconf5185 bars, and power inpu
250 W.
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VI. CONCLUSION

In this paper we have shown experimentally that a m
surable acoustic streaming effect due to the dissipation
~high energy and high-frequency! acoustic waves can occu
in a liquid inside a porous material. We measured the evo
tion of the pressure distribution in the liquid due to the m
mentum transfer from the acoustic waves to the liquid. A
the evolution of the temperature of the liquid due to t
dissipation of acoustic energy was experimentally de
mined. The measurements were in reasonable agree
with model predictions based on an extension of the Da
equation. Although the pressure changes due to acou
streaming are measurable, it has to be kept in mind that

FIG. 8. Pressure profile inside the core as function of posit
plotted at three different times. Both experimental data and theo
ical results are shown. The Berea sandstone core is saturated
2% KCl brine. Frequency 20 kHz, permeability 270 mdarcy,ppore

5120 bars,pconf5185 bars, and power input 300 W.

FIG. 9. Pressure profile inside the core as function of posit
plotted at three different times. Both experimental data and theo
ical results are shown. The Berea sandstone core is saturated
2% KCl brine. Frequency 20 kHz, permeability 270 mdarcy,ppore

5120 bars,pconf5185 bars, and power input 350 W.
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effect is rather weak. The pressure change due to acou
streaming is much smaller than the pressure drop over
core resulting from a flow through the core at a typical~oil
reservoir! flow rate of 75 ml/min. So during a practical ap
plication of high-frequency acoustic waves to clean the n
well bore region of an oil reservoir the streaming effect
likely not relevant. However, from a scientific point of vie
the effect is very interesting.
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FIG. 10. Pressure profile inside the core as function of posit
plotted at three different times. Both experimental data and theo
ical results are shown. The Berea sandstone core is saturated
2% KCl brine. Frequency 20 kHz, permeability 270 mdarcy,ppore

5120 bars,pconf5185 bars, and power input 375 W.

FIG. 11. Pressure profile inside the core as function of posit
plotted at three different times. Both experimental data and theo
ical results are shown. The Berea sandstone core is saturated
2% KCl brine. Frequency 20 kHz, permeability 270 mdarcy,ppore

5120 bars,pconf5185 bars, and power input 400 W.
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APPENDIX A: BRIEF REVIEW OF BIOT’S THEORY AND
THE CALCULATION OF DAMPING COEFFICIENT

Biot’s theory allows one to calculate the velocity and t
damping of acoustic elastic waves traveling through a por
material. In this appendix, we will give a brief review of th
theory ~simplified to the one-dimensional case!. Introducing
the averaged velocity of the solid,ws , and the averaged
velocity of the fluid,wf ~the relation betweenwf and v in-
troduced in Sec. III isv5fwf!, the one-dimensional mas
conservation laws for the solid and fluid phases in a por
medium can be written as

]

]t
~12f!rs1

]

]x
~12f!rsws50, ~A1!

]

]t
fr f1

]

]x
fr fwf50, ~A2!

wheref is the porosity, andr f andrs are the densities of the
fluid and solid, respectively. Linearization of Eqs.~A1! and
~A2! yields

~12f!
]rs

]t
2rs

]f

]t
1~12f!rs

]ws

]t
50, ~A3!

f
]r f

]t
1r f

]f

]t
1fr f

]wf

]x
50. ~A4!

Assuming that the grains are incompressible, a combina
of Eqs.~A3! and ~A4! yields the so-called storage equatio

1

K f

]p

]t
1

12f

f

]ws

]x
1

]wf

]x
50, ~A5!

where we used the constitutive relation for the pore fluid

FIG. 12. Pressure profile inside the core as function of posi
plotted at three different times. Both experimental data and theo
ical results are shown. The Berea sandstone core is saturated
2% KCl brine. Frequency 20 kHz, permeability 270 mdarcy,ppore

5120 bars,pconf5185 bars, and power input 450 W.
01630
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1

r f

]r f

]t
5

1

K f

]p

]t
, ~A6!

whereK f is the bulk modulus of the pore fluid.
The linearized momentum equations for the solid and

fluid are given by

~12f!rs

]ws

]t
52

]s

]x
2~12f!

]p

]x
2 f x , ~A7!

fr f

]wf

]t
52f

]p

]x
1 f x , ~A8!

where we introduced the intergranular stresss ~negative in
tension!, and the interaction forcef x between the solid and
the fluid phases. A detailed expression forf x will be given

n
t-
ith

FIG. 13. Pressure and temperature profiles inside the cor
function of position plotted at three different times. Both expe
mental data and theoretical results are shown. The Berea sand
core is saturated with 2% KCl brine. Frequency 20 kHz, permea
ity 270 mdarcy,ppore5120 bars,pconf5185 bars, and power inpu
500 W.
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later. We finally close the system of equations by means
Hooke’s law, relating the stress and the strain in the so
material

]s

]t
52Kp

]ws

]x
, ~A9!

where Kp is the constrained modulus~defined asl12m,
with l and m the Lamé’s coefficients!. Taking Fourier’s
transform of Eqs.~A5!–~A9! with respect to both time and
space and eliminatingp ands, we obtain

2~12f!rsv
2ŵs52FKp1K f

~12f!2

f Gŵsk
2

2~12f!K fŵfk
22 iv f̂ x , ~A10!

2fr fv
2ŵf52~12f!K fŵsk

22fK fk
2ŵf1 iv f̂ x .

~A11!

At this stage it is necessary to provide an explicit formu
tion for f̂ x . We have a precise definition due to the work
Johnson, Koplik, and Dashen@9#

f̂ x5b~v!~ŵs2ŵf !1~a`21!fr f iv~ŵs2ŵf !,
~A12!

where we have introduced the tortuositya` . The frequency
dependent friction forceb(v) is expressed as

b~v!

b0
5A11

1

2
iM

v

vc
, ~A13!

with b05mf2/K0 . K0 is the stationary permeability,M is
the so-called similarity parameter, andvc is the critical fre-
quency (vc5mf/K0r fa`). Now solving Eqs.~A11! and
~A12! we arrive at the dispersion relation

d2c21d1c1d050, ~A14!

in which different quantities are defined by

d25PR2Q2,

d152~Pr221Rr1122Qr1122Qr12!

1
ib~v!

v
~P1R12Q!,

d05r11r222r12
2 ib~v!

v
,

P5Kp1K f

~12f!2

f
,

Q5~12f!K f , ~A15!

R5fK f ,

r1252~a`21!fr f ,
01630
of
d

-
f

r115~12f!rs2r12,

r225fr f2r12,

c5S k

v D 1/2

.

Since the frequency is known, from Eq.~A14! we can cal-
culate the wave number~k! and then the velocity and th
damping coefficient of the two waves. For instance, using
parameters given in Table I we derive the wave velocit
and damping coefficients given in Table II.

APPENDIX B: CALCULATION OF TRANSMITTED FAST
AND SLOW WAVES ACCORDING TO WU, XUE,

AND ADLER †7‡

Wu, Xue, and Adler@7# developed a calculation procedu
to deal with the problem of the transmission and reflection
acoustic waves at the interface between a fluid and a po
material. The transmitted and reflected intensities are ca
lated by using the Poynting energy flux vector. We simpl
the problem to the case of waves propagating perpendic
to the interface; in that case the shear wave is absent. If
introduce the potentialsf1 and f2 of the fast and slow
wave ~we will use the subscript1 and 2 pointing, respec-
tively, to fast and slow wave properties!, we can write the
displacements~for the free fluid,U8, the fluid in the porous
medium,U, and the solid material,u! as

U85
df f

dx
, ~B1!

TABLE I. Parameters used for the calculation of the wave pro
erties.

Parameter Value

Permeability 0.1974310212 m2

Porosity 25%
Kp 36.1 GPa
K f 2.06 GPa
m 9.831024 (Pa s)
r f 1000 kg/m3

rs 2640 kg/m3

v 40 kHz
a` 2.8
M 1

TABLE II. Wave velocities and damping coefficient.

Parameter Value

cfast 4833.6 m/s
cslow 658.4 m/s
a fast 0.28 m21

aslow 182.3 m21
9-8
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u5
df1

dx
1

df2

dx
, ~B2!

U52G1

df1

dx
2G2

df2

dx
, ~B3!

where the coefficientsG1,2 are given by

G1,25
c1,2

2 r112P

c1,2
2 r122Q

, ~B4!

wherec1,2 are the velocities of the fast and slow waves. W
can now impose the following three boundary conditio
valid for the case of an open pore boundary condition.

~1! Continuity of normal stress,

~P1Q!
du

dx
1~Q1R!

dU

dx
2K f

dU8

dz
50. ~B5!

~2! Conservation of fluid volume,

fU1~12f!u5U8. ~B6!

~3! Proportionality between discontinuity in pressure a
relative velocities in porous medium,

~1/f!FQ
du

dx
1R

dU

dx G2K f

dU8

dx
50. ~B7!

We define the Poynting vector as

P52u̇•T2U̇S, ~B8!

whereT is the stress tensor in the skeleton andS is the strain
tensor. In one-dimensional case problem~assumingz the di-
rection of propagation!, the Poynting vector can be simpl
fied as

P52 iv@ iz~uT1US!#. ~B9!

The displacement potential can now be written as
So

,

01630
s

f f5~e2 ig f x1Aeig f x!e2 ivt,

f15B1e2 ig1xe2 ivt, ~B10!

f25B2e2 ig2xe2 ivt,

where the amplitude of the incident wave is taken equa
unity. A is the amplitude of the reflected wave andB1 and
B2 are the amplitudes of the transmitted waves. In addit
we have

g f
25v2/Vf

2,

Vf5~K f /r f !
1/2,

~B11!
g15v/c1 ,

g25v/c2 .

If we now substitute the Eqs.~B1!–~B4! and ~B10! and
~B11! in Eqs.~B5!–~B7!, we can determineA, B1 , andB2

and then the displacements. For fast and slow waves,
derive the following result:

u52 ig1f12 ig2f2 ,

U52 ig1G1f12 ig2G2f2 ,
~B12!

T5@~QG12P12N!v2/c1
2 22Ng1

2 #f11@~QG22P

12N!v2/c2
2 22Ng2

2 #f2 ,

S5~RG12Q!v2/c1
2 f11~RG22Q!v2/c2

2 f2 .

If we substitute Eqs.~B12! in Eq. ~B9! and take the absolute
value of the Poynting vector, we obtain the sound intensity
the fast and slow waves in the fluid-saturated porous me

I 15@~22Q1RG1!G11P#v4/c1
3 uf1u2,

~B13!
I 25@~22Q1RG2!G21P#v4/c2

3 uf2u2.
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